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The constant-temperature constant-pressure molecular dynamics simulations of a water-like system are

performed at many temperatures and pressures.
with 576 molecules in a square cell.

A 2-dimensional model of water is used for the system
Thermodynamical quantities are anomalous as in liquid water.

The temperature-dependences of the calculated self-diffusion coefficient and the shear viscosity are in
agreement with the observed values at low pressures. The effects of compression on these transport coef-

ficients are reproduced qualitatively.

The bulk viscosity obtained is larger than the shear viscosity.

The order of magnitude of the calculated thermal conductivity is in agreement with the experimental
results. The contribution of the rotational motion to the thermal conductivity is calculated in order to discuss
the anomalous temperature-dependence of this coefficient.

The behavior of the shear viscosity!=® and the
self-diffusion coefficient’™!? of liquid water at
temperatures below about 300K is unique. The
initial application of pressure causes the viscosity to
decrease, and the diffusion coefficient to increase.
The Stokes-Einstein equation is valid even in
supercooled water.4=®  Although there are some
molecular dynamics(MD) calculations of the self-
diffusion coefficient,12-19 it seems that a systematic
study has not yet been performed on the viscosity nor
on the thermal conductivity. The thermal conductiv-
ity of liquid water has a maximum as a function of
temperature under constant pressure.2-15.1®  The
thermal conductivity has considerable technical
importance, but our understanding of the molecular
behavior underlying the phenomenon is poorly
developed.? Only a couple of phenomenological
theories has been published concerning the anomaly
of the thermal conductivity.17-1® For this reason, we
are planning to perform MD simulations at many
temperatures and pressures to obtain the transport
coefficients of liquid water.

Since the calculation of the transport coefficients is
not easy,!9-22 we use the 2-D model of water,2? as the
first step.  Despite theoretical predictions that
transport coefficients in 2-D system diverge, a
computer simulation of the small system can be used
to study the transport properties.24-27

In the first paper of this series,2¥ it was shown that
a simple 2-D model of water can reproduce the main
features of the thermodynamical behavior observed in
real water. In the previous article,?® dynamical
properties of the 2-D water were studied by
microcanonical MD simulation. The dipole direc-
tion relaxation time and the self-diffusion coefficient
were calculated as functions of temperature and
density. The effects of compression on these
quantities are in good agreement with the experi-
mental data.2®

We use constant temperature and constant pressure
MD(T-P-MD), because this method is more conve-

nient to obtain the temperature dependence or
pressure dependence of the system. Many methods
are developed for the constant temperature MD.29-39
Among them, Nosé’s method3¥ is used because this
can conveniently be combined with Andersen’s
constant pressure MD.3V By T-P-MD, the isothermal
compressibility, the thermal expansion coefficient
and the heat capacity at constant pressure are
calculated from the fluctuations of the relevant
quantities.  Transport coefficients are calculated
using the standard Kubo formula.3®

As we have no experimental results on any 2-D
water-like liquid, the absolute values obtained will be
compared with those of the real water, where we shall
use reduced units.2 In the qualitative comparison of
the temperature and pressure dependences, arbitrary
scales will be used as follows.

The zero point of the thermal expansion coefficient
and its maximum near the critical temperature are
used to fix the temperature scale tentatively for the
comparison of the calculated results with those of
real water. By such a comparison, it is shown that
the calculated transport coefficients are in agreement
with those of real water. Although the maximum of
the thermal conductivity as a function of temperature
is not obtained, it is found that the contribution of
the rotational motion to this coefficient has a
maximum.

Molecular Dynamics Method

The 2-D model of water has been described in the
first paper of this series.?> The micro canonical
molecular dynamics calculation was performed pre-
viously.?®  Therefore only the new aspects are
described here.

The mass M of the molecule is 18 in units of
atomic weight and the moment of inertia I is
3.34X10-4 gm2.  We use the following reduced
units.2® The energy E is measured in units of
£=24.68 k] mol-1(—¢, is the absolute minimum of the
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pair potential energy), the temperature in units of
&/ kg (kg is the Boltzmann constant), the length in
units of R¢=0.276 nm. The unit of time is

ty = (MR2[e,)!/2 = 2.37x 10-13 s, )

The system consists of 576 molecules in a square
unit cell with the periodic boundary condition. The
dynamical equations are integrated with time incre-
ment

At = 0.435x 10~ s = 0.00184 ¢, (2)

by the predictor-corrector method.37:39

The constant temperature MD method of Nose3? is
used in this paper. According to Nos$e,>3¥ an
additional degree of freedom s is introduced which
acts as an external system on the system of N mole-
cules. A constant Q appears in the kinetic energy
part as p,2/2Q in the total Hamiltonian, where p; is
the conjugate momentum of s. After some trial and
error calculations, we have decided somewhat arbi-
trarily to choose 636 &2 for Q. The constant
pressure MD method of Andersen is combined. In
this method, the area 4 of the N molecular system is
a variable. A constant W is introduced in the kinetic
term as pa2/2W where pa is the conjugate momentum
of A. We chose 1.92X10-3 ¢to? as the value of W after
some preliminary simulations.

The total energy is conserved within 0.02% after
60000 steps, or 26 ps. In our standard run, 60000
steps are spent for the aging of the system. After this
interval, the 60000-step run is performed at least
twice, where the molecular dynamics statistical
averages are obtained.

The shear viscosity, the bulk viscosity and the
thermal conductivity are calculated by the standard
Kubo type formula.1®:3® Averages of at least 6000
values are taken for the initial time in the standard
60000-step run. Some long runs are needed at low
temperatures because of the long tail of the
correlation function for the shear viscosity. In such
cases, the MD run is as long as 120000 steps. The
representative range of the time integration of the
correlation function for the shear viscosity is
0=<t<3.6 ps at T=0.194 ¢y/ kg, P=0.186 &/Ry2

Thermodynamical Properties

The thermodynamic coefficients such as the ther-
mal expansion coefficient, the isothermal compress-
ibility and the heat capacity at constant pressure are
easy to calculate because of the constant temperature
and constant pressure MD method used in this paper.
First the calculated thermodynamical quantities are
compared with the experimental results.  The
temperature scale for the comparison is shown in this
section. It will be used also in the comparison of the
transport coefficients in the next section.

Yosuke KaTaoka

[Vol. 59, No. 5

The thermal expansion coefficient at constant
pressure, ¢, is calculated from the cross fluctuation of
area A and enthapy H39 (circle in Fig. 1)

_ S4H)—<A)H)
T RTXy @
and also from the numerical differentiation of the
area 4 of the N-molecule system (triangle in Fig. 1).
The pressure P=0.186 ¢/Ry? in Fig. 1 is the
representative low pressure in 2-D water.2? The
results by these methods are in good agreement with
the experimental values!-2:39:40 if we use the tempera-
ture scale shown in Fig. 1. (The temperature scale
for real water is shown in the upper part. The zero
point and the scale of temperature for the real water
are different from those for 2-D water. For this
reason, the comparisons of the temperature depen-
dences are only qualitative in the following figures.)
In this figure, the experimental results are shown by
the dotted line (normal pressure) and the dash-dotted
line (P=100 MPa). As for the absolute value of the
calculated expansion coefficient, the comparison is
satisfactory at moderate temperatures. The coeffi-
cient obtained around the critical temperature T. is
small compared with the experimental results. This
may result from the small number of molecules in
the basic cell (N=576). The critical temperature of
our 2-D water is about 0.263 &,/kg and the critical
pressure P. is about 0.17 ¢y/Ry2 which were estimated
by the equation of state.??
The isothermal compressibility «; is calculated
from the fluctuation3® as shown below (triangle in
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Fig. 1. Plot of the thermal expansion coefficient « vs.
temperature 7T, at P=0.186 ¢&/R%, O from the

fluctuation, A from the differentiation of the area.
The dotted and the dash-dotted lines show the ex-
perimental results,!.2,39,40)
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Fig. 2): obtained from the fluctuation of the enthalpy H

_ (4 —L4)* _ (H*»—(H)? 6

1= TR T 4 Cp = B (6)

and by means of the radial distribution function
g(R)3® (circle in Fig. 2)

LCO RS TR b 70

The results are in agreement with the experimental
We can see that the calculated
compressibility has a reasonable value at moderate
temperatures, and that the anomalies at low tempera-
tures and at high temperatures are reproduced at least
qualitatively.

The calculated heat capacity at constant pressure,
C,, is shown in Fig. 3, where the circles are the values

ones.1:2,40,41)
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Fig. 2. Plot of the isothermal compressibility xp vs.
temperature 7T, at P=0.186 /Ry A from the
fluctuation, O from the radial distribution function.
The dotted and the dash-dotted lines show the ex-
perimental results,!:2,40,41)
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Fig. 3. Plot of the heat capacity at constant pressure
Cp vs. temperature T, at P=0.186 ¢/Ry2, O from
the fluctuation, A from the differentiation of H.
The dotted and the dash-dotted lines show the ex-
perimental results.!:2,40.42)

and the triangles mean the result of the numerical
differentiation of the enthalpy with respect to
temperature. Unfortunately the calculated results
scatter. We see however that the absolute values are
in agreement with the experimental results. The
temperature dependence is not inconsistent with that
of the experimental values.!+2:40.42

Transport Coefficients

In this section, the calculated transport coefficients
are compared with the experimental results and the
time correlation functions are discussed.

The self-diffusion coefficient D is calculated from
the mean square displacement <Ar2> and from the
velocity auto-correlation function.3®

D = lim <A's>, (7
t—oco 4’
l o0
D= j; <{o(t)-v(0)dt. ®)

The calculated coefficient D is plotted against
pressure in Fig. 4 for several temperatures. The
experimental results are shown by the dotted
lines.”-1Y  The anomaly of the self-diffusion co-
efficient is qualitatively reproduced as shown in Fig.
4 if we tentatively use the pressure scale for
comparison with real water. The pressure scales and
zero points are arbitrary for the purpose of qualita-
tive comparison in Figs. 4 and 7.

The shear viscosity 1 and the bulk viscosity ng are
calculated from the relevant time correlation func-
tions:19.30
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Fig. 4. Plot of the self-diffusion coefficient D vs. pres-
sure P. Values of the temperature are indicated next
to each curve.

The dotted lines are the experimental results,’~!V
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where M is the mass of the molecule and v;, the a
component of the velocity of i-th molecule. And 7
means the position of the i-th molecule and f; is the
force that the i-th molecule feels.

The viscosities obtained are shown in Fig. 5, where
the results by several MD methods are compared. In
this figure each circle (shear viscosity) and triangle
(bulk vicosity) means the value obtained from each
60000-step run. The bar shows the average.
Although the calculated values scatter, the shear
viscosity can be obtained by the constant temperature
and constant pressure MD (7T-P-MD) as shown in this
figure. Contrary to this, the orders of magnitude of
the bulk viscosity by P-MD and T7-P-MD were
different from that of bulk viscosity by the micro
canonical MD. This may arise from the fact that the
bulk viscosity is related to the fluctuation of pressure
P (see Eq. 10) and the area A4 is controlled in P-MD so
the time dependence of P is artificial in this special
MD.

Figure 5 shows that the bulk viscosity 5y is larger
than the shear viscosity (at T=0.194 &/kg, P=0.186
80/ R02 ):

B 14 (12)
Ui
Micro
Ca MD T-MD
15 T T T T T T
Tshear TMbulk
[y
To ° a a
‘:‘r 10+ ° a
e .
o~
o o a
w 8 o z 2
& gl o S g a i
1

0 i 1 1 1 L

Micro T-MD P-MD T-P-MD
Ca MD

Fig. 5. Shear viscosity (O) and bulk viscosity (A) by

several MD methods at T=0.194 &/ks, P=0.186

&/ Ry?.
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in accordance with the experimental results.2:49 This
feature is confirmed at another state (7=0.186 ¢y/kg,
P=0.216 &,/R,?), where the value of the ratio is also
ns/n=1.4.

The temperature dependence of the shear viscosity
n at P=0.186 ¢/Ry? is shown in Fig. 6, where the
temperature scale is the same as that in Fig. 1. We
see that the shear viscosity in the reduced units has a
reasonable value as a function of temperature in Fig.
6. The calculated shear viscosity 7 is plotted against
pressure P at several temperatures in Fig. 7. The
experimental results are shown in the dotted lines.?.®
The main anomalous feature in the shear viscosity of
liquid water is seen in Fig. 7.

The shear viscosity n and the self-diffusion co-
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=
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Fig. 6. Plot of the shear viscosity 7 vs. temperature
T, at P=0.186 &/R,2.
The dotted and the dash-dotted lines show the ex-
perimental results.-®
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Fig. 7. Plot of the shear viscosity 7 vs. pressure P.
Values of the temperature are indicated next to each
curve.

The dotted lines are the experimental results.1=%
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Fig. 8. Shear viscosity 7 and self-diffusion coefficient
D vs. 1/T at P=0.186 ¢/Ry2.
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Fig. 9. Plot of the product »D vs. T.

efficent D are plotted against 1/T in Fig. 8. As
shown in this figture these quantities have about the
same activation energy, so the product of these nD is
almost constant as a function of temperature as
shown Fig. 9.

The thermal conductivity 4 is calculated by the
correlation function of the heat current §(t):

1 -]
R e ﬁ (S(1)-8(0)>dt, (13)

d
S(t) = “ar ? Hyr,, (14)
were H; is the contribution of the i-th molecule to the
total Hamiltonian of the system 5:
& = X H, (15)
The calculated thermal conductivity 4 is shown in
Fig. 10 (open circle). The dotted line corresponds to

the observed value at normal pressure.2:15:1® The
dash-dotted line means the experimental conductivity
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Fig. 10. Plot of the thermal conductivity 4 vs. tem-
perature T at P=0.186 ¢,/Ry? (O).
The contribution from the rotational motion is also
shown (@). The dotted and the dash-dotted lines
show the experimental results,?.15,16,44)
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Fig. 11. The normalized correlation functions for the

transport coefficients f(t) vs. time ¢, at T=0.194
€o/kp, P=0.186 &o/R2.

under pressure (P=100 MPa)4¥ in this figure.

The order of magnitude of the calculated thermal
conductivity is in agreement with those of the
experimental results if we use the reduced quantities.
The conductivity obtained has a tendency to saturate
when the temperature is decreased. However, the
maximum is not seen in the calculated temperature
dependence of the conductivity. The contribution of
the rotational motion is also shown in this figure
(closed circle). This part has a maximum as a
function of temperature. This contribution comes
from the differentiation of the molecular Hamiltonian
H; with respect to the angle of the molecule ¢:

(16)

dH, E[GHI, LOH,  OH;
dt - i aXJ % a_y,'y" a(DJ i)
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Fig. 12. The unnormalized correlation functions for
the thermal conductivity f,(t) vs. time ¢, at P=0.186
&o/Ro®.

We expect such a contribution is more important in
real water than in 2-D water which has only one
rotational degree of freedom.

The normalized correlation functions are shown in
Fig. 11 in order to see the microscopic aspects of the
transport coefficients (cf Ref. 19). The long tails are
seen in the correlation functions for the shear
viscosity (open circle) and bulk viscosity (closed
circle). In contrast to these, the correlation function
for the thermal conductivity has a short tail at this
state (T=0.194 &3/ kg, P=0.186 &/R2). Its correlation
time is about the same with as that of the correlation
function of the rotational velocity.

The non-normalized correlation functions for the
thermal conducvity f,(¢), defined as

A= [) WA (17)

are plotted in Fig. 12. In this figure, the contribution
from the translational motion and that from the
rotational one are compared and their temperature
dependences are also compared. From this figure we
ean see the cancellation in the rotational part in the
integration of the correlation function.  This
cancellation is more complete at 7=0.194 &,/ky than
at T=0.236 ¢y/ky. This is the reason for the increase
of the rotational contribution when the temperature
is increased from 7=0.194 ¢y/kg to T=0.236 &,/kg.
Such cancellation is due to the oscillatory feature of
the rotational motion at these temperatures a shon in
Fig. 13. In this figure, the auto-correlation functions
of the velocity are compared. The oscillatory motion
converts to diffusive motion in the translational
motion when the temperature is raised from 0.194
&/kg to 0.236 ¢g/kg. However, the oscillatory
character persists in the rotational motion.

We summarize the above discussion as follows: The
contribution from the rotational motion is important
in order to understand the origin of the anomalous
temperature dependence of the thermal conductivity

Yosuke KaTaoka

[Vol. 59, No. 5

wle‘l)lZRai M2
] 20 40
34 T T T T ]
a T:0.236€gks', Translation
a T=0.194€0ka', Translation
e T=0.236E0ka’,Rotation
< o T=0.194€oka ,Rotation
o2} F‘:O.lSEZoR(')z b
3
1 .
0 1 1 1 vav,v, | 1
0 4 128 12 16
w/10"7s

Fig. 13. The Fourier transforms of the correlation
functions of velocity at P=0.186 £/R,2.

of liquid water. This conclusion is different from the
result of the previous theory,'® where the anomaly is
attributed to the translational motion of the cavity
molecule. The estimated relaxation time of the
cavity molecule!® seems too long compared with the
result of the MD calculation.2® We plan to perform
more MD calculations using a more realistic model
for water.

Finally, we mention the effect of low dimensional-
ity on the dynamical properties. It is difficult to see
the long time tail in the velocity autocorrelation
function in our system because of the oscillatoty
behaviour (see Fig. 11). The values obtained for the
transport coefficients are finite. This may come from
the small number of molecules in the system and also
from the short time range examined.
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